1 Simple Linear Regression

1.1 Least Squares Estimation

Given a dataset of n observations, say (yi1,%1),-.., (Yn,Zn), with the
sample regression model y; = Bo + B1x; + €, the sum of squares (between
the observed response y; and the straight line) is:

S(Bo, B1) Z Z

Setting BBS and BS to 0, obtain:

nfo + B sz => ui (1)
=1
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Denote SSt = 3", (y; — )2, the corrected sum of squares of the re-

sponse observations, then SSRES =SSt —Blsxy. E(SSRes) = (n—2)0?
so an unbiased estimator of 02 is (RSE) 62 = SSRes/(n — 2) MSRe9
SSRes has (n — 2) degrees of freedom (due to estimate of Bo and 51)

1.4 Hypothesis Testing

e Assumed relationship between z and y is linear, errors are uncorre-
lated with mean 0 and constant variance o2

e Now we must assume ¢; normally distributed, iid N(0, c2), so: there
is a normally distributed sub-population of responses for each value
of the explanatory variable, each sub-population has same variance

Test the hypothesis that the slope is a constant, S1¢:

i=1
' Ho:p1=p10 vs Hi:p1# Bio
L (i v) (S ) . - . .
Bo=g—bz, Pi= i Viti —— _ 2 (2 m D) =) B1 — Bio B1 — Bio
nooo_ (Sh ) ey (2 — 2)? 0= 5y 2 ~ N(©,1)
-17; = = SD(f1)  /0?/Saz)
n N2
Szw =Y 1 @2 — M =", (x; — 1) = (n— 1) Var(X) Typically o2 is unknown, so we estimate test statistic by replacing o2 by

n
Say = S0 yimi — (i y'i)rfzml i) -
= (n—1)Cov(z,y),

1‘:1 yi(-ri - 3_5)

e =y —Yi = Yi — Bo — B1x;

B" Say _ Cov(gc7y) Cor(xz,y)+/Var(xz)4/Var(y)
1=5,, = Var(z) Var(z)

1.2 Properties of Least Squares Estimators

e The OLS estimator of the slope 1 is a linear combination of the
observations y;.
s Say n
pr = = Z CiYi
S(L‘.’IJ i=1

where ¢; = (#;—%/Sea), then 37 iz = Land 3°0 | €2 = 1/Sas.

e They are unbiased estimators of their respective parameter:

E[f] =61, E[fo] =

e Var(f1) = Var (X0, ciyi) = S0, 2 Var(y

. Var(ﬁo) = Var(y — f17) = Var(g) + #Var(f1) — 22Cov(g, f1) =
(ﬁ + sm>

o >, (Wi —vi) =2 =0,

o >l wie; =0, > e Yiei =0

e The least-squares regression line always passes through the point
(z,7) of the data.

vi) = 55

2?21 Yi = Z?:l Ui

1.3 Estimation of o2

The estimate of 02 is obtaineed from the residual sum of squares:

n

SSRPS —Ze :Z

i=1

P — )2
Since y; = ,30 + Blwi, we can have

n

1Smc = Z (yi — 5)2

i=1

SSRes - Zyz - ny - Blsccx

its unbiased estimator 62 = SSRes/(n — 2) = MSges. Zo estimated by:
1 — 51— X MS
to = 1 — Pio = b {510 ~ tp—2, where SE(81) = T oRes
V MSRes/Szz SE(ﬁl) sz

Test the hypothesis that the intercept is a constant, Bgo: Similarly,

Bo — Boo
0= ~t, o, where SE(By) = \/MSges(1/n+ Z2/S.
s~ V/MSres(1/n+72/S02)
Testing the significance of regression:
Ho:1=0 ws Hy:B1#0
We can either use t-test with test statistic tg = S%(ﬁ 7 or use ANOVA.
n n n
dDwi—9)* =Y —9)? +> (i — i)’
i=1 i=1 i=1
SST = SSR +SSRes

SSt has df = n — 1 due to the constraint > 7" , (y; —§) =0. SSg =
Bl X Sgy has df =1, SSges has df =n — 2.

Under Hp : 81 =0,

SSr/1
SSRes/(n—2)

MSg
MSRes

o = ~ Fn_2

1.5 Interval Estimation

e If the errors are iid N(0,02) then sampling distribution of both
(81— B1)/SE(B1) and (Bo — Bo)/SE(Bo) are both t,_s.

e 100(1 — a)% CI for slope, intercept, variance o2:

* B1 —tn—2(a/2) x SE(B1) < B1 < 1 + tn—2(a/2) x SE(f1)
% fo — tn—2(a/2) x SE(Bo) < Bo < o + tn—2(c/2) x SE(fo)

(n—2)MSpes » ;2 « (n=2)MSpes
Xp_o(a/2) =7 = xj_,(1-a/2)

Let zo be the level of the regressor for which we want to estimate the
mean response E(y|zg). An unbiased point estimator of E(y|zo) is:

E(y|z0) = fiy|zy = Po + P10

Ay|z, 1s normally distributed with the variance:

Var(ﬂy‘zo) = Var(go + ,élxo) = Var[y + ﬁl (zo — @)]

A G ke [1+M]
fy|zo — E(ylzo)
~tn_2

VMSRges[1/n+ (20 — 2)2/Sza]

Pylzg — tn—2(0¢/2)\/MSReS[1/n + (z0 — 7)2/Szz] < E(y|zo) <

frylzg + t”—Q(a/Q)\/MSRes[l/n + (z0 — )2/ Sxa)

Interval width minimised at zo = Z and widens as |xg — Z| increases. The
SE for a CI for mean response takes into account sampling uncertainty.
The prediction interval for future observation yo can also be obtained.
With yo = Bo + B1xo for certain xg, consider the r.v. ¥ = yg — Yo, which
is normally distributed with mean 0 and Var(y) = Var(yo — yo). Since
yo is independent of yo:

Var(y) = Var(yo) — 2Cov(yo, yo) + Var(yo)
=22 _,;
S.’L‘m

1 1 _7)2
:024'_0—2[74_ |:1+,+M
n n Szz

o — tn—2(0/2)y/MSpeslL + 1/n + (w0 — £)%/Saa] < o <

o + tn—2(0r/2)/ MSpea[L +1/n + (20 — )2/ Sas]

The SE for PI of future observation takes into account sampling uncer-
tainty, as well as variability of the individuals around the predicted mean.

1.6 Coefficient of Determination R2

SSR SSRes ~\2 2
R?2 =228 g =C =C
S5y S5r or(y, 9) or(z, y)

R? is the proportion of variation explained by the regressor x.

1.7 No-Intercept Regression Model
Model: y = 1z + ¢; LS function: S(B1) = > 74 (v;
El Z?:l .’E? =

Estimator of 02 is 2

— Biz;)?
Z?:l YiZs

n 2

> | yix;; unbiased estimator of slope: [ﬂ = ”
i=1%;

S wi—v)? | TR vi-Ai Y v
n—1 - n—1

= MSRes =

1.8 Estimation by Maximum Likelihood

i ~ N(Bo + B1zs, 02) Differentiate L wrt fo, 81,02 and set to 0.
gm0 o ) = L (2r0?) 2 exp [ gha (v — Bo — Bri)?]
The estimates of Sy and ,81 are the same as OLS method, but (biased)
62 =13 (g — Bo— Arzi)? = [(n — 1)/n]6>
In general MLE have better statistical properties than LS estimators:
they are unbiased (52 asymptotically unbiased), have minimum variance
when compared to all other unbiased estimators, are consistent, and are
a set of sufficient statistics, but require full distributional assumption.



2 Multiple Linear Regression

2.1 Least Squares Estimation

Model: y; = Bo + Bizi1 + Baziz + -+ - + Brwik + €i; y=XB+e¢
Y1 1 z11 212 T1k B1 €1
Y2 1 x21 w22 Tok B2 €2

y = , X = ,B= LE=
Yn 1 zp1 T2 Tnk Bn €n

B = (X'X)~1X'y, provided (X'X)~1! exists (which is always the case if
the regressors are linearly independent). The fitted model is:
K

=x'B=p0+ ) Bjz; =XB=XX'X)"'X'y = Hy
=1
2.2 Properties of Least Squares Estimators

E(B) =8 (unbija,sed)

Cov(f) = Var(B) = Var [(X'X) "' X"y]
= (X'X) "X Var(y) [(X'X)*X']’

= o2(X'X)IX/X(X'X) ! = 02(X'X)

Denote C = (X'X)~
then Var(ﬁ}) =02Cj;, and
_1 Cov(B;,B;) = 02Cy;

2.3 Estimation of o2
Estimator of 02 (model dependent) is 62 = M Sges.

SSres = _(yi—4i)? =) e =ee=(y-Xp) (y-XB) =
=

=1

y'y—8'X'y
SSkes hasn — p df. MSges = Sfifz"f; E(MSRes) = 02 (unbiased).

2.4 Hypothesis Testing

Test for significance of regression:

Hy:B1=B2=---=0,=0 wvs 1:8; #0, for at least one j

r=0'Xy -1, w)?, SSpes =¥'y — B X'y,
SSr=y'y -1 (Tt v)?,  SSr =SSk + SShes

SSr/k MS
Fo = 5/ = L~ Pkt
SSRES/(n — k- 1) MSRes
R? . penalizes for added terms to the SSRes/(n —p)
ij RAdg _ 2PRes/\ 7 P)

model that are not significant: SSt/(n—1)
Test significance of individual 3; (contribution of z; given all other re-
gressors in model): Hp:8;=0 ws 1:6; #0

where Cj; is the diagonal
element of (X’X)~!
corresponding to B}

bi __ B
V62C;;  SE(B;j)
Test significance of a group of variables:

Full model:
] =(Bo A Br—r—1 Br)'y=XpB+e

Bo with r coefficients

Reduced model: y = X181 + ¢
(X)X1) 71Xy, with SSg(81)
— SSr(B1) (extra sum-of-squares due to B2)

SSRr(B21B1)/r
MSRES

to = ~ tnfp =tpn—k—1

Denote 8 = {gé

B1
Ho:P2=0 ws Hi:B2#0_
LSE of 1 in reduced model: g8 =
SSr(B21p1) = SSr(B)

Fg = ~ Fr,nfp

=X161+X2f2+¢€

2.5 Interval Estimation

Assume errors €; normally distrubuted, mean 0, variance o2, hence:

, ~ N(Bo + S5y Bjwij,0%), with B ~ N (8,0%(X’X)7!). Thus the
marglnal distribution of ,B] is N (B],cr C”) where C;; is the jth diago-
nal element of the matrix (X/X)~1!

B —B;

— j:0?17"'7k
62Cj;

~ tnfpa

100(1 — @)% CI for B; (where SE(S;

= \/&27%):
B) — ta—p(a/2)\/52Cy; < B; < Bj + ta—p(a/2,/52Cy;

CI on mean response: Define xg = (1  zo1 zor)’. Fit 4o = xf),@
This is an unbiased estimator of E(y|xo), since E(yo) = x{8 = E(y|xo).
Var(3o) = o2x)(X'X) " 1xg.

100(1 — @)% CI on mean response at zo1,Zo2," - -

(yb — tn—p(a/2)4/ 622 (X' X) " 1x0; 40 + tn—p(/2) &2x6(X’X)*1x0)

It can be shown that
(B— ﬂ)XX(ﬁ B) ~ F,

Hence 100(1 —a)% Jomt CI for all

parameters in (3 is:
Another general approach for obtaining simultaneous CI of parameters

is constructing Bj + ASE(BJ-), j=1,--- k. In Bonferroni method, set
A = tp_p(a/2p). With this method, the probability is at least (1 — o)
that all intervals are correct. For each interval, the confidence level is

(1—a/p).

At a particular point xo1,zo2, - -
for future observation is:

3~ ta—p(a/2)y/62 (1 + x4(X'X)~1x0) < yo

s Lok is:

(B—B)X'X(8 - B)
pMSRes

< Fp,n—p

, Tok, 100(1 — a)% prediction inverval

<+ tap(@/2)4/52 (14 x)(XX) " x0)

2.6 Interpretation of Regression Coefficients

First interpretation: consider regressor x;, keeping all other regres-
sors constant, when z; increases by 1 unit, mean response increases by
B; units. But if model has (at least) an interaction term that involves
then this interpretation may not be correct.

Second interpretation:
and z; have been linearly adjusted for all other regressors.
y = Bo + Bi1z1 + B2x2 + € to interpret the effect of z2 on y.

the contribution of z; to y after both y
Consider

Step 1: Model 1 = model y on z; (linearly adjust y on z1):

9 = do + a171, residual: y — § = ey.qy

Step 2: Model 2 = model z2 on z1 (linearly adjust z2 on z1):

T2 = Yo + V121, residual: 2 — 22 = €zqy.z

Step 3: Model 3 = model ey o, on eg,.o; (the effect of x2 after y and z2
are hnearly adJusted for x1):

éy.zq = >\0 + )\19[;1, residual: ey.z; — €y.ay

Now with Model 2, y = Bo + Biz1 + B2(v0 + Y121 + €zy.zy) = (Bo +
B2v0) + (B1 + ,6’271)w1 + (B2€exy.2, +€). With Model 1 and 3, we have:

oo = Po + B270, a1 =P01+P271, eyaz, = B2ezy.0, +€

Similarly,
= Blezl.zz +€

Cy.zo

In general, for a multiple linear regression model:

€y.zox3 Tl — ﬁlezlmgzgmzk+e

€y.zix3-T) — 52512.zlzgmzk+e

ey.ziao-ap_1 = BrCay.zimmhp_qte

2.7 Hidden Extrapolation in Multiple Regression

Define the smallest convex set containing all of original n data points
(zi1,Ti2, -+ ,xik),t = 1,-+- ,n as the regressor variable hull (RVH). If
a point xp1,02, - ,Zox lies inside or on the boundary of RVH, in-
terpolation; else extrapolation. The diagonal elements h;; of the hat
matrix H = X(X/X)7!X’ are useful in detecting hidden extrapola-
tion. Denote the largest h;; as hAmaez. The set of points x that satisfy
x/(X'X)"1x < hmaq is an ellipsoid enclosing all points inside the RVH.
To check for the point x{; = [1,z01,%02, - ,%ok), then hgo =
xg(X’X)_lxo‘ If hoo > hmaz, then extrapolation and vice versa.

2.8 Standardized Regression Coefficients

Assume response y with observations yi1,---,yn, k regressors x;, each

has n observations: z;5,4 =1,---,n,j =1,---, k. Unit normal scaling:
Regressors: Response:
b= T Dl Tij w_ Yi—§ o D=1 Yi
i = T, j = n Y, = sy y= n

12

2 _ Z:l 1 (zm 71]) 2 _ E?:l (yi—%)
84 ==L 8 Jr §8 = ==l T
Yy n—1

Now the model becomes §* = b1z1 + baza + -+ - + brzr. The model using
scaled response and regressors has no intercept (all centered at 0).
Unit length scaling:

Regressors: Response:
L% ] R n . 7 )2 _
Wij = NI Sjj =2ty (xij — Z5) Y0 = YU
i\ /SSt

Sj; is the corrected sum of squares for ;.

Now each w; has mean w; = 0 and length
>iey (wij —w;)? =1

Z'Z = (n—1)W’'W so estimates of regression coefficients from these two

scaling methods are identical.

The regression model is now:
= biwi + bawa + -+ - + brwy

2.9 Indicator Variables

Levels in categorical variables induce changes in intercept (slope un-
changed and identical). The slope will also change if there are any interac-
tion terms. For categorical variables with a levels, we would need a—1 in-
dicator variables. Assume a fitted model § = Bg +61:B1 +Bgzg, with T2 as
an indicator variable. The (100—a)% CI on fg is: So=%tn—p(a/2)SE(B2).

Suppose we add interaction term B3x1x2 to our model. Test for the sig-
nificance of the interaction term: Hg : B3 = 0 ws 1: B3 # 0. This
can be done by t-test or ANOVA:

SSR(B3|B2, B1, Po)
MSRes
Test if the 2 regression lines for Type A and Type B are identical (or test
the significance of the variable z3):
Ho:B2=03=0 ws Hi:p2 and/or [3#0
SSRr(B2,B3|B1, Bo)/2
MSRes

where SSg(B82,B3|81,B80) = SSr(B21B1,B0) + SSr(Bs]B2, b1, Bo) or
SSRr(B2, 83|61, B80) = SSr(B3, B2, B1]80) — SSr(B1]Bo)-

Fo = NFl,nfp

Fy=

F2,n7p



3 Checking for Model Adequacy

e Linearity assumption: relationship between the response y and the
regressors is linear (at least approximately). We check the scatter
plot of y vs z, but linearity in the multiple model is more difficult
due to dimensionality of the data.

e Assume errors €1, €2, -+ ,€p id N(O,O’2). This implies the normality,
constant variance, and independent errors assumptions.

Plotting one-dimensional graphs (e.g. histogram, stem-and-leaf, scatter
plot, boxplot) indicate the distribution (symmetric or skewed), gives an
idea as to whether we should work with the original or transformed vari-
ables. It can also point out presence of outliers in the variables. Two-
dimensional graphs present scatter plots of pairwise variables to observe
correlation between variables.

3.1 Residual Analysis

The residuals e; = y; —¥; have zero mean and their approximate variance
can be estimated by

Doieq (e — e)?

n—p

_ Z?:l 67,2 _ SSRes
n-—p n—p

= MSRes

The residuals are not independent (because of assumption > 7" | e; = 0),
but when p << n the nonindependence has little effect on their use for
model adequacy checking.

We defined hat matrix H = X(X’X)"!X’ and have y = Hy. Then
Ui = hiiy1r + hioy2 + -+ + hinyn for ¢ = 1,--- ;n which means y;
is a weighted sum of all the given observations. h;i is the lever-
age value for the ith observation, the weight given to y; in deter-
mining the ith fitted value y;. The residual then can be written as
e = (I - H)y. Substituting y = x8 +¢, we have e = (I - H)(X8 +¢€) =
XB—-HXB+ (I-H)e=Xp - X(X'X)"I1X'XB+ (I—-H)e= (I—-H)e.
Furthermore Var(e) = 02I and I — H is symmetric and idempotent, so
Var(e) = (I—H)Var(e)(I-H)' = ¢?(I—-H). Thus Var(e;) = o2(1 — hy;),
Cov(ei,e]-) = —0 hij.
Standardized residuals is defined o
as e Gy =
ov/(1 = hii) and SSpges() is the sum of squared
Since o is unknown, estimate it by residuals when we fit the model to the
VMSRes or 6(;), where (n — 1) observations by omitting the

ith observation,
Both M Sges and &(22.) are unbiased estimator of 2.

Internally studentized residuals: Substitute /M Sk, into the standard-

ized residuals: r; = —%—— (rstandard() in R

ized residuals: 7; ST ree (rstandard() in R)

Externally studentized residuals: Substitute &¢;y: rf = —d—u
Y @7 VR

X n—p—1

=1/ —.
k3 n7p7T2

SSRes _ SSRes(i)
n—k=2 n-—p—1

The two forms of the residuals are related by 7}
Normal probability plot: ordered S.R. (z-axis) vs cumulative probability
or normal scores (y-axis). Normal scores are what we expect to obtain
when we take a sample of size n from N(0,1). If the residuals are
normally distributed, ordered residuals should be the same as ordered
scores. Expect a (nearly) straight line with intercept 0 and slope 1.
Scatter plot of S.R. vs fitted values: expect points to be scattered
randomly. Funnel/double-bow shape indicate nonconstant variance; ap-
ply transformation to regressor/response, or use WLS. Curved shape
indicated nonlinearity; transform or add more variables.

3.2 Detection and Treatment of Outliers

An outlier is an extreme observation considerably different from the ma-
jority of the data. Residuals considerably larger in absolute value than the
others (say 3 or 4 sd from the mean) indicate potential y-space outliers.

3.3 Lack of Fit of the Regression Model

Lack of fit test (more useful for simple model): Suppose = has m levels
Z1, - ,Tm, With n; observations on the response at the ith level. Let y; ;
denote the jth observation on the response at ;. There are n =
total observations. The ijth residual is y;; — ¥ = (yij — ¥s) + (i — Ui)»
where g; is the average of the n; observations at x;. Squaring both sides
and summing over ¢ and j, we have

DD Wi =) =D (i —w:)? D o ni(@ — 4i)?
i=1j5=1 1=17=1 =1
SSRes = SSPE +SSLOF

where SSpg is the sum of squares due to pure error and SSpop is
the sum of squares due to lack of fit. SSpor is a weighted sum of
squared deviations between mean response g; at each x level and the cor-
responding fitted values. If y; are close to y;, there is a strong indication
that the regression function is linear. The test statistic for lack of fit is
For simple model, use Hp : f1 # 0 =
Fo = SSror/(m = 2) _ MSLOF »model is linear”. Reject this Hop
SSpe/(n—m) MSpg if Fy > Fr—2,n—m(a) and conclude
that regression model is not linear.

~ Fm72,'n7m

3.4 Leverage and Influence

The hat matrix H = X(X’X)~1X’ determines the variances and co-
variances of y and e since Var(y) = 0?H and Var(e) = 02(I — H). The
elements h;; from H can be interpreted as the amount of leverage exerted
by the ith observation y; on the jth fitted value ¥j;.

Diagonal elements of H, h;; = x;(X/X)~!x/} (where x| is the ith row of
the X matrix) is a standardized measure of the distance of the ith obser-
vation from the center of the x space. Large h;; reveals observations that
are potentially influential.

Since Y h;; = rank(H) = rank(X) = p, the average size of a hat diagonal
is h = p/n. Hence we traditionally assume that any observation for which
the hat diagonal exceeds 2p/n is remote enough from the rest of the data
to be considered a leverage point (only applies to large sample size where
2p/n < 1). Not all leverage points are influential points, but observations
with large hat diagonals and large residuals are likely to be influential.

Cook’s Distance: squared distance between least squares estimate based
on all n data points 8 and the estimate by deleting the ith point, ﬁ(i):

Di = (M.c) = By — B) 1:/1(5@) —5), izl .m

where usually M = X’X and ¢ = pMSg.s. Magnitude of D; is usually
assessed by comparing it to Fp n_p(a). If D; = F} n—p(0.5), deleting
point i would move B(;) to the boundary of an approximate 50% confi-
dence region for 8 based on the complete dataset. Since Fp n—p(0.5) >~ 1,
consider points with D; > 1 to be influential. D; may be rewritten as

4 Correcting Model Inadequacies

4.1 Variance-Stabilizing Transformations

Useful guidelines:

Relationship of 62 to E(y) | Transformation

o2 oc constant y’ = y (no transformation)
a2 o E(y) y' = /y (Poisson data)

7 o B(y) [ —E()] =S ()

0% o [E(y)]? y" =In(y)

o < [E(y)]” y =y /2

o’ o [B(y)]” y =y

Transformations to Linearize the Model

h
2
X
(@ ®

Figure 6.1  Graphs of the linearizable function ¥ = o X#.

ok
o 0z 04 06 08 1

x
o

Figure 64 Graphs of the linearizable functions: (2) ¥ = X/(a X — 5) and (b)
x

Figure 6.3 Graphs of the linearizable function Y = o + 8 log X. Y = (28 X) /(1 + ex48 X)
Figure | Function Transformation Linear Form

6.1 Y =aX? Y =logY,X ' =logX | Y/ =loga+ X
6.2 Y = aePX Y =InY Y =Ina+ BX
6.3 Y =a+ BlogX X' =log X Y =a+ BX’
64(a) | V=355 Y =+,Xx=1 Y=o - BX'

N _ exp(at+BX) _ Y _

64(b) | YV =700y | Y =5 Y =a+8X

4.3 Analytical Methods

Box-Cox power transformation y* to correct nonnormality and/or non-

constant variance:
yr =1
y(k) — X
logy,

to fit the model 5y = X8 + €. Simpler X for interpretability.
Box-Tidwell regressor transformation (for simple model):

<,
log z,

1. Initially fit a model by least squares, g = 50 + ,glx

X£0
A=0

a#0

a=0

&=

2. Fit a new model, adding w = zlogz: § = ,éol + 31/90 + Jw

3. Take a; = 741
B1
This procedure can be repeated using a new regressor z’ = z1 (fit

y ~ 1), and converges quite rapidly.



4.4 Weighted Least Squares

Linear regression models with nonconstant variance can also be fitted
by WLS. The deviation between observed y; and expected y; is multi-
plied by weight w; chosen inversely proportional to the variance of y;.
In the simple model, we minimize weighted sum of squares S(Bo, 1) =

S wi(ys — Bo — Brxi)?.

Bo Zwi + 61 sz‘wi = sz'yi
BO Z wiT; + 51 Z w;T Z WY Tq

Solving the above wiH give WLS estimates of (g and B1. Idea: if each
error has variance a , choose the weight w; =1 / o7 so that variances will
be (approximately) equal points with low variance will be given larger
weights and vice versa. The WLS estimates are:

> wii — Tw)(Yi — Gw)

Bo = YJw — B1%w, B1 = - —
> ey wiwi — Ty)?
— _ . — L wix _ T w
where Z,, and 7, are weighted means: Z,, = Z”;l Y = Z”zl 1Yi
2w 2 wi

WLS estimators are still unbiased, and Welghted mean squared residuals
MS(w)Res is also an unbiased estimator of 2.

One way to estimate the weights is to use the multiple repeated (or nearly
repeated) values of the regressor. For each cluster of x values, obtain sam-
ple mean  and sample variance si. Consider SZ as response and T as
regressor, find a least squares fit, then substituting each x; value into the
LS equation will give an estimate of the variance of the corresponding y;.
The weight w; is the inverse of this estimated variance.

4.5 Generalized Least Squares

Consider y = X3+ ¢, where E(e) = 0, Var(e) = ?V. Assumptions made
for errors correspond to V. = I. The least squares normal equation is
(X'V-1X)3 = X’V~1y with solution 8 = (X'V~1X)"1X'V~ly, the
GLS estimator of 3.

WLS for GLS: when errors € are uncorrelated but have equal variances,
the covariance matrix of € is of the form

o’V = g2

1

Wy,

Let W = V1, then W is a diagonal matrix with diagonal elements or
weights w1, w2, -+ ,wn. The WLS equations are (X’WX)3 = X'Wy
with WLS estimator 8 = (X'WX) 1X'Wy.

5 Multicollinearity

Sources of MC: the data collection method employed, constraints in the
model or population, model specification, or an over-defined model.

5.1 Effects of Multicollinearity
Define matrix C = (X'X)~ ﬁ where R? is the multiple
J

Cjj = 1=
coeflicient of determination from regression of x; on the remaining k — 1

regressors. If there is strong MC between x; and any subset of the other
k — 1 regressors, R]z will be large, thus C;; will be large.

Since Var(ﬁ}) = 02Cj; = o?(1 — R?)_1 for j =1 ,k, strong MC
implies that the Var(ﬁAj) is very large. Generally, Cov(Bi, Bj) will also be
large if 2; and z; have MC relationship.

MC also tends to produce ,éj that are too large in absolute value.
Squared distance between LS estimate and true paramter is denoted L% =

(B—B)'(5—B), then B(L3) = B[(5— 8) (B - 8)] = Xb_, B(f; — 6;)° =
Z?:l Var(gj) = 02Tr(X’X) where the trace of a matrix is the sum of the

When MC is present,
Let A; denote the jth

, SO L2 may be large.

main diagonal elements (sum of the eigenvalues).
some of the eigenvalues of X’'X will be small

eigenvalue of X'X, then E(L?) = o2 Z

5.2 Detecting Multicollinearity
Check off-diagonal elements 7;; in X'X. If |r;;| ~ 1, may indicate MC.

If regressors are scaled, Cor(X) = X’'X.
1
VIF; =Cjy = ——
T

One or more large values of VIF (> 10 here) indicate multicollinear-
ity. The width of the CI of 3; is L; = 2(ij02)1/2 X tp_k—1, and the
width of the corresponding interval based on orthogonal reference design
with the same sample size and root-mean-square (rms) values (rms =
S (%ij — T7)?/n, which is a measure of the spread of regressor x;) is
L* = 20ty,__1. The ratio of these two widths for z; is L;/L* = /C};.
Thus, the square root of the jth VIF indicate how much larger the CI for
the jth regression coefficient is because of MC.

The eigenvalues of k X k matrix A are all the k roots of the equation
|A — AI| = 0. The eigenvalues of X’X: A1,---, A can be used to mea-
sure the extent of MC in the data. Small eigenvalues indicate MC.

Define condition number of X'X as k = ;‘\m‘” which measures the spread
in the eigenvalues. x < 100: no serious problem 100 < ~k < 1000:
moderate to strong MC; xk > 1000: strong MC. Define condition indices
kj = =az for j = 1,---,k. The number of large condition indices

J
(> 1000) 1nd1cate the number of near-linear dependencies in X'X.

5.3 Dealing with Multicollinearity

Collect more data or respecify the model, or use ridge regression (find an
estimate that is biased but has smaller variance than unbiased estimator).
We want to find a biased estimator 3* such that MSE(3*) < MSE(B).
The ridge estimator 3 is defined as the solution to (X’X—l—kl)BR =Xy
Br = (X)X +kI)"1X'y = (X'X + kI)"1X'Xj = Z;,3 where k is to be
determined.

MSE(BR) = VaT(BR) + (bias in Bg)?

2 2 o/ ’ —2
=0 Z(A he 5 +EB (X' X + kT) 28

where A; are the eigenvalues of X'X. As k increases, variance decreases
and bias increases.

SSRes = (y - XBR)/(y - XBR)
= (y—XB) (y— XB) +(Br —
—_—

SSRes from OLS

B)YX'X(Br — B)

When k increases, SSRres of BR increases, R? decreases. k can be chosen
by inspection of the ridge trace; select a small k at which ridge estimates
SR are stable.

6 Variable Selection

Deleting variables improves the precision of (1) the parameter estimates
of retained variables, (2) the variance of predicted response, but it can
introduce bias in them unless the deleted variables are ”insignificant”.
Retaining insignificant variables can increase the variances of estimates
and predicted response.

6.1 Criteria for Evaluating Subset Models
A regression model with p regressors has M Sges(p) = Ss%esp(p). In gen-

eral, M Sgr.s(p) increases as p increases. The increase in M Sges(p) occurs
when the reduction in SSges(p) from adding a regressor to the model is
not sufficient to compensate for the loss of one degree of freedom. We want
a model with minimum MSges(p) as it equivalently maximises Ragj,p-

AIC is based on maximizing the expected entropy of the model. Let L be
the likelihood function for a specific model, then AIC = —2log(L) + 2p
where p = k + 1. In the case of OLS, AIC = nlog(%) + 2p. BIC
is the Bayesian extension of AIC. BICg., = —2log(L) + plog(n). For
OLS, BICg.n = nlog( szj“) + plog(n). Among models, the one with
smaller AIC/BIC preferred.

6.2 Stepwise Regression

Forward selection: assume no regressor in the model, variables added
one at a time. First regressor to be added is the one with the highest
correlation with response. If the F' statistic corresponding to the model
containing this variable is significant (larger than some pre-selected value
Fip), then that regressor is entered. The second regressor chosen for entry
is the one that now has the largest correlation with y after adjusting for
the effect of the first regressor entered on y. This correlation is referred
to as partial correlation.

1. Derive fitted values and residuals from Model 1: g = B}) + ﬁlxl
2. Fit regression models: &; = &oj + &1jz1, for j =1,--- ,k

3. Derive simple correlation between residuals of Model 1 and residuals
from k — 1 models above.

4. The z; that gives the highest correlation will be the next regressor
to enter the model

Suppose at step 2, x2 has the highest partial correlation with y. This

SSgr(zalz1) .
7]%51;15(11&2)’ If this

F value exceeds Fj,, x2 is added in. Procedure terminates when partial
F' test at a particular step does not exceed Fj, or when last regressor is
added.

Backward elimination: all variables are in the model originally, examined
one at at time, removed if insignificant. Starting model has k regressors,
partial F' statistic are computed for each regressor as if it was the last
variable to enter. Regressor with smallest F' statistic is examined first
and will be removed if this value is less than F,¢. Fit a new model with
rest of (k — 1) regressors and calculate partial F statistics again. The
process continues until are regressors are examined.

Stepwise: a modification of forward selection. At each step, all regressors
are reassessed via their F' (or t) statistic. If the partial F' (or t) statistic
for a variable is less than Fyyt (or toyt) then the variable is dropped.
Stepwise regression requires two cutoff values, one for entering and one
for removing variables. Usually F;, > Fout.

implies that the largest partial F statistic is F =
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